Introduction.
Some years back T. W. Chaundy [l] discussed the problem of obtaining polynomial solutions of second-order linear differential equations. The object of this paper is to discuss the corresponding problem in the case of g-differential equations. In particular, general types of g-differential equations which yield polynomial solutions of restricted degrees and all degrees have been deduced.
We consider here the problem of finding systems of linear g-differential equations (1) (F -\G)Y = 0, X 9*0, oo, such that when X = X", the equation is satisfied by a polynomial of degree ra (ra, a positive integer or zero). Equation (1) where A is the operator (qxdldx-l)/x(q-l). Also a0, Bo, au Bi, ■ • • , ap, BP are 2/> + 2 functions of the independent variable x. To determine their ratios we should have 2pA-l equations involving these functions. We consider the 2pA-l polynomial solutions of the q-diiferential equation (1) for different values of X, so that the ratios are determined; for convenience, writing the fundamental operator A as [d] , where [0]=xA (which still leaves the coefficients polynomials in x), and arranging (1) in powers of x, it becomes of the form
(P^s, p'^s').
In particular, we consider the equation
where Yn is a polynomial solution of the form
By "a polynomial of degree ra" we mean here not a polynomial of degree not exceeding ra, but "of degree exactly ra" thus x" is always present in F".
Putting (4) or gP'i[n])=0 for all ra, which is impossible. Hence p = p'. At the other end of summation, since (3), after operation, is an identity between polynomials of degree n+p, it must have the same lowest power of x and therefore there is no loss of generality in assuming s = s'. It is, therefore, sufficient to consider
Considering the sequence of polynomials { F"}, we can successively choose c","_i, Cn,n-2, • • ■ , c",0 such that
Then from (5),
Obviously, we can suppose that (8) Zn = X"X" + bn.n-lXn~l + ■ ■ ■ + b",0.
2. Now we proceed to deduce a sufficient form of a a-differential equation which has polynomial solutions of every degree provided that X" (ra = 0, 1, 2, • • • ) are all different.
Theorem.
The system of equations Proof. Let us assume that for X=X", equation (9) 4. The type ft and &m. We shall distinguish the forms given in (9) as type ft and those defined in (12), (13) as type ftm; ft is in fact fto-(For m = 0, the series ^T.To1 m (12) and (13) do not appear.)
The ^-differential equations (9) and (14) (with forms of F and G as in (12) and (13)) are both of rank up" in the sense that there are £ + 1 powers of x and also p distinct steps between these powers in the ^-differential equation. However, in (9) (an equation of the type ft) the least order of [d] is at least p, since the coefficient of the absolute term (the term independent of x) contains the factor [9] [9 -1 ] ■ ■ ■ [9-pA-l]. In (14) (an equation of the type ftm) however, the least order of [9] is at least mArp -l. Therefore, the order of (9) is at least p, and that of (14) is at least m-\-p -1; m^l.
Conversely, then, the equation of a given order ra of types ft, fti are of rank at most ra; the rank of any type ftm is at most n-mA-1. Thus, the second-order equations of these types are not necessarily of g-hypergeometric type but may be of rank two. As a simple illustration, consider the possible first-order g-differential equation. The type ft then gives most generally (15) [ 
